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We study two flavor fermions with mismatched chemical potentials in quenched lattice QCD.
We first consider a large isospin chemical potential, where a charged pion is condensed, and then
introduce a small mismatch between the chemical potentials of the up quark and the anti-down
quark. We find that the homogeneous pion condensate is destroyed by the mismatch of the chemical
potentials. We also find that the two-point correlation function shows spatial oscillation, which
indicates an inhomogeneous ground state, although it is not massless but massive in the present
simulation setup.
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Introduction. Multi-component mixture of quantum
systems, in particular, of fermions, exhibits interesting
physics. One of the most famous phenomena is inhomo-
geneous superconductivity. In a homogeneous supercon-
ductor, electrons with opposite spins and opposite mo-
menta are paired on the Fermi surfaces, and thus the
Cooper pair has zero total momentum. When the pop-
ulations of spin-up and spin-down electrons are imbal-
anced, the Cooper pair has nonzero total momentum. If
the population imbalance is large enough to destroy the
homogeneity, a superconductor becomes inhomogeneous.
The expectation value of the Cooper pair oscillates spa-
tially. This inhomogeneous superconductor is called the
Fulde-Ferrell-Larkin-Ovchinnikov (FFLO) state [1]. The
FFLO state has been also studied in spin-imbalanced
cold-atomic systems [2].
In quantum chromodynamics (QCD), inhomogeneous
phases are expected in high quark number density [3].
Quarks have many degrees of freedom, such as flavor,
color, and chirality. If the Fermi surfaces of these species
are mismatched (because of charge neutrality, mass dif-
ference, etc.), the FFLO state can take place. Inhomoge-
neous states were predicted in the chiral condensate [4],
the pion condensate [5], and the diquark condensate [6].
Although these inhomogeneous states have been stud-
ied theoretically in effective models, it is still unknown
whether they really exist or not in QCD, in particular,
in the strong coupling regime. To establish the existence
of inhomogeneous states without model ambiguity, the
lattice QCD simulation is necessary.
We consider two-flavor fermions with the same mass
and different chemical potentials. We take µu > 0 and
µd < 0. The schematic figure of the Fermi surfaces is
shown in Fig. 1. The mismatch between the chemical
potentials of the up quark and the anti-down quark is
∆µ = µu − |µd|. (1)
At ∆µ = 0, when chemical potentials exceed a critical
value, the homogeneous condensate of a charged pion is
formed,
〈d¯(x)γ5u(x)〉 = C, (2)
where C is a nonzero constant. At ∆µ 6= 0, the homoge-
neous condensate becomes unstable and the FFLO state
can be formed as
〈d¯(x)γ5u(x)〉 = C exp(i∆µx). (3)
The condensate spatially oscillates with the frequency
∆µ. There are technical advantages to consider the pion
condensate: (i) the pion condensate is gauge invariant
unlike the diquark condensate, (ii) the pion condensate
is zero at zero chemical potentials unlike the chiral con-
densate, and (iii) the pion correlation function is the least
noisy in the lattice QCD simulation.
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FIG. 1: Mismatched Fermi surfaces. The massless dispersion
relation is depicted for simplicity.
In this Letter, we study lattice QCD with mismatched
chemical potentials. In the lattice QCD simulation with
finite chemical potentials, there is the sign problem.
In this study, we adopt the quenched QCD simulation
where the contribution from the fermion determinant is
neglected in gauge ensembles. Calculating the corre-
lation function of a charged pion, we discuss how the
mismatched chemical potential affects the homogeneous
state and the inhomogeneous state.
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2Homogeneous analysis. We performed the quenched
QCD simulation with the plaquette gauge action and
the Wilson fermion action. The bare lattice coupling is
β = 6/g2 = 5.9, where the lattice spacing is a ' 0.10
fm. The hopping parameter is κu = κd = 0.1566, where
the pion mass is ampi ' 0.4. We used the lattice vol-
umes V = NxNyNzNτ = 10
4, 124, and 144 and perform
linear extrapolation to V → ∞. Spatial boundary con-
ditions are periodic, and a temporal boundary condition
is antiperiodic (periodic) for fermions (gluons).
The expectation value of any symmetry breaking con-
densate vanishes in a finite volume. To extract the in-
formation of the condensate, we calculated the two-point
correlation function
Π(x1 − x2)
≡ 1
NyNzNτ
∑
yzτ
〈[d¯(x1)γ5u(x1)]†d¯(x2)γ5u(x2)〉
= − 1
NyNzNτ
∑
yzτ
〈trγ5Sx1,x2(µd)γ5Sx2,x1(µu)〉.
(4)
The quark propagator S(µ) is given as the inverse of
the Dirac operator, S(µ) = D−1(µ). The summation in
Eq. (4) is performed for the zero-momentum projection
of py = pz = pτ = 0. Since excited states are massive
and heavy, the long-range behavior is dominated by the
pion condensate,
lim
x→∞Π(x) = |C|
2. (5)
This is called the off-diagonal long-range order
(ODLRO). In numerical simulations, since the lattice vol-
ume is finite, we calculated the correlation function at
the largest separation x = aNx/2, and then numerically
extrapolate them to the infinite separation limit,
ΠODLRO ≡ lim
Nx→∞
Π(aNx/2). (6)
In Fig. 2, we plot the ODLRO of the correlation func-
tion with ∆µ = 0. Above the threshold of a half of the
pion mass ampi/2 ' 0.2, the (matched) Fermi surfaces are
formed and the ODLRO increases. This corresponds to
the charged pion condensation (2) at finite isospin chem-
ical potentials [7]. A charged pion condensate exhibits a
homogeneous superconductor.
In Fig. 3, we plot the ODLRO of the correlation func-
tion as a function of ∆µ. To reduce the computational
cost, we fixed the chemical potential of the anti-down
quark at aµd = −0.3 and varied only the chemical po-
tential of the up quark. (Thus the data is not symmetric
about the transformation ∆µ ↔ −∆µ.) At ∆µ = 0,
the pion condensate is finite. As |∆µ| increases, the pion
condensate decreases. Eventually, the pion condensate
disappears above |a∆µ| ' 0.05-0.10. The formation of
the Cooper pairs on the mismatched Fermi surfaces is
energetically disfavored.
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FIG. 2: The ODLRO of the pion two-point correlation func-
tion Π(x) with ∆µ = 0.
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FIG. 3: The ODLRO of the pion two-point correlation func-
tion Π(x) with ∆µ 6= 0.
Inhomogeneous analysis. In the above analysis, we
assumed that the ground state is homogeneous. However,
when the Fermi surfaces are mismatched, the ground
state can be inhomogeneous. If the inhomogeneous pion
condensate is formed as Eq. (3), the two-point correlation
function behaves as
lim
x→∞Π(x) = |C|
2 cos(∆µx). (7)
The expectation value of the imaginary part propor-
tional to i sin(∆µx) is exactly zero because the correla-
tion function is symmetric under the parity transforma-
tion x ↔ −x. The long-range behavior is dominated by
the lightest state among all possible (homogeneous and
inhomogeneous) states. We can determine whether the
ground state is homogeneous or inhomogeneous without
assuming it. If there are degenerate lightest states, e.g.,
both homogeneous and inhomogeneous condensates, the
long-range behavior is given as the sum of them.
3In a finite volume, momentum is discretized as
px =
2pi
Nxa
kx (kx = 0, 1, 2, · · · , Nx − 1). (8)
Since the frequency of spatial oscillation satisfies this con-
dition, ∆µ should be set to satisfy it. We used the elon-
gated lattice volume V = Nx × NyNzNτ = 50 × 103.
The minimum momentum unit is 2pi/Nx ' 0.126. If one
wants smaller momentum unit, one need larger lattice
size. Other simulation parameters are the same as in the
homogeneous analysis.
In Fig. 4, we show the correlation function with a∆µ =
2pi/Nx and 4pi/Nx. The chemical potential of the anti-
down quark is fixed at aµd = −0.3 and the chemical
potential of the up quark is set at aµu ' 0.426 and
0.551, respectively. At long range, only the ground-state
contribution survives and the excited-state contributions
die out. Since spatial boundary conditions are periodic,
the correlation function is reflection symmetric about
x/a = Nx/2 = 25. The ground-state contribution can
be fitted as
Π(x) = |C|2 cosh(−mpi(x− aNx/2)) cos(∆µx). (9)
Although the ground state shows spatial oscillation with
the frequency ∆µ, it is massive. The best-fit functions
with the fit range x/a = [5, 25] are shown in Fig. 4. The
best-fit parameters are ampi = 0.13 ± 0.02 for a∆µ =
2pi/Nx and ampi = 0.33± 0.05 for a∆µ = 4pi/Nx. Thus,
the ground state is inhomogeneous but does not seem a
condensate.
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FIG. 4: The pion two-point correlation function Π(x).
In a finite volume, there is no spontaneous symme-
try breaking and the Nambu-Goldstone boson cannot be
massless. If a condensate exists, the mass of the would-be
Nambu-Goldstone boson must approach zero, mpi → 0,
in the infinite-volume limit. We must carefully take the
infinite-volume extrapolation of numerical data. As far
as we searched in this study, we find no tendency of
mpi → 0 and thus no hints for an inhomogeneous con-
densate in the infinite-volume limit. By examining more
sets of simulation parameters, we will find the inhomo-
geneous condensate if it exists in QCD.
Discussion. We have studied lattice QCD with mis-
matched chemical potentials. We have found that the
homogeneous condensate is destroyed by the mismatch
of chemical potentials. Although a two-point correla-
tion function shows oscillating behavior, we have not
found the evidence of inhomogeneous condensates in the
present simulation parameters. In condensed matter and
atomic physics, it is known that the FFLO phase is quite
unstable and it exists only in a narrow parameter region
[2]. Also in QCD, we may need the computational effort
for fine tuning of simulation parameters. In particular,
since the discrete momentum (8) depends on the spatial
size, it is troublesome to take the infinite-volume extrap-
olation with other parameters fixed. It might be eas-
ier to analyze in two or pseudo-one dimension, because
the computational cost is much lower and inhomogeneous
phases tend to be favored in lower dimensions.
In this paper, we have adopted the ODLRO of a two-
point correlation function to extract the information of
the ground state. An alternative way is to calculate the
condensate (i.e., a one-point function) by introducing an
explicitly symmetry breaking term ε cos(∆µx). In this
case, we must take V →∞ and then ε→ 0. (The order
of these limits is crucial. If ε→ 0 is taken before V →∞,
the condensate is zero.) In the numerical simulation,
since ε and V are finite, we must extrapolate to V →
∞ and ε → 0, keeping the spatial size larger than the
Compton wavelength of the would-be Nambu-Goldstone
boson mass.
We have performed the quenched QCD simulation.
However, we cannot a priori validate the quenched ap-
proximation at high density. The full QCD simulation is
necessary for a rigorous analysis, but it is difficult to im-
plement mismatched chemical potentials in full QCD. In
the absence of the mismatch (µu = −µd), the full QCD
simulation is possible because the total fermion determi-
nant is semi-positive, as
detD = detD(µu) detD(−µu)
= |detD(µu)|2 ≥ 0,
(10)
where the relation γ5D(µ)γ5 = D
†(−µ) is used. In the
presence of the mismatch (µu 6= −µd), the semi-positivity
is lost and there is the sign problem. To avoid the sign
problem, we need to consider ideal situations. For exam-
ple, in the case of four flavors with two isospin chemical
potentials, the fermion determinant is semi-positive, as
detD
= detD(µu) detD(µd) detD(−µu) detD(−µd)
= |detD(µu) detD(µd)|2 ≥ 0.
(11)
4The mismatch of the Fermi surfaces exists but the sign
problem does not exist. The same strategy is possible in
four flavors with two quark chemical potentials in two-
color QCD or two flavors with two chiral chemical poten-
tials.
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